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“Clarifying notes are included for each theme, namely with regard to the suggestion of: activities for the development of Computational Thinking,

using examples; proposals for possible deepening of some themes or alternative approaches; bibliographical references that include documents and

resources to support the teacher's work.” from the public discussion draft

Bolzano-Cauchy 
Theorem

Bisection 
Method

Newton-
Raphson 
Method

Aproximated 
solving 
equations

To know and apply the Bissection method.

To know and apply the Newton-Raphson method.

To know the intermediate value theorem (Bolzano-
Cauchy).

To present as an objective the resolution by approximate 
methods of any equation, taking into account that there are 
many situations in which it is not possible to obtain an 
analytical resolution with an exact solution.

Promote the systematic use of technology in the application of 
the different methods listed for obtaining approximate 
solutions to equations

Propose the development of programs in Python to implement 
Newton-Raphson's and Bisection's methods.

Illustrate from a concrete example the geometric interpretation 
of Newton-Raphson´s method. 

Computational Thinking
When working with algorithms, students should be encouraged to practice rigor and systematic verification and control practices. It will be important to promote abstraction in students, 
encouraging them to collect essential information for solving the proposed task (or situation). Students should be encouraged to identify the important elements in the algorithm creation 
process and to establish order among them. The recognition of patterns in the task (or situation) presented or in similar problems, previously solved, may contribute to facilitate the 
structuring of the algorithm to be developed. Before writing the program in the Python language, it is convenient to describe the algorithm in natural language.
The Bisection method is analogous to the binary search method on an ordered list and, among the interval section methods, it is the one that, in general, produces better estimates for 
an equal number of evaluations of the function.

from the public discussion draft

from the public discussion draft



Numerical Methods of Solving Equations to Develop Computational Thinking and Math Learning

Raul Aparício Gonçalves – Dec 20th, 2022

SECONDARY SCHOOL   15 – 17 years old

MATH CURRICULUM IN

Comming “soon” - 2024

Example of a Python program to calculate the approximation of a root in a given interval using the Bisection method.
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SOLVING EQUATIONS

One of the oldest and most important

problems in mathematics and other

sciences

When direct methods fail, we rely

exclusively on numerical methods

to look for approximations of

solutions.



Numerical Methods of Solving Equations to Develop Computational Thinking and Math Learning

Raul Aparício Gonçalves – Dec 20th, 2022

SOLVING EQUATIONS

Hum…, teacher, you only have to tell me the formula used by the calculator to find the

solution and it will be easy for me. I will follow that formula.
João Sousa, 2002

TNSs/na apresentação/01 - john.tns
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Fixed point method

Solution of 𝑓 𝑥 = 0

Fixed point 𝑝 of 𝜑 ->  𝜑 𝑝 = 𝑝

𝑥2 − 2 = 0 𝑥 =
2

𝑥
2𝑥 = 𝑥 +

2

𝑥
𝑥 =

1

2
𝑥 +

2

𝑥

𝜑 𝑥

𝑥2 = 2

𝑓 𝑥

To find

TNSs/na apresentação/03 - fixedpointspreadsheet.tns
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Bolzano-Cauchy theorem (Intemediate value theorem) and Bisection method

If f is a continuous function wose domain contains the interval [a,b],

then it takes on any given value between f(a) and f(b).

𝑘 = 0 ; 𝑓 𝑥 = 0
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Computational Thinking
When working with algorithms, students should be encouraged to practice rigor and systematic verification and control practices. It will be important to promote abstraction in students, 
encouraging them to collect essential information for solving the proposed task (or situation). Students should be encouraged to identify the important elements in the algorithm creation 
process and to establish order among them. The recognition of patterns in the task (or situation) presented or in similar problems, previously solved, may contribute to facilitate the 
structuring of the algorithm to be developed. Before writing the program in the Python language, it is convenient to describe the algorithm in natural language.
The Bisection method is analogous to the binary search method on an ordered list and, among the interval section methods, it is the one that, in general, produces better estimates for 
an equal number of evaluations of the function.

from the public discussion draft

ALGORITHM

While 𝑏 − 𝑎 > 𝑒𝑟𝑟𝑜𝑟 do

𝑚 ←
𝑎+𝑏

2

if 𝑓 𝑚 𝑎𝑛𝑑 𝑓 𝑎 have 𝑜𝑝𝑜𝑠𝑖𝑡𝑒 𝑠𝑖𝑔𝑛𝑠

then

𝑏 ← 𝑚

else

𝑎 ← 𝑚

End

𝑎, 𝑏 − 𝑖𝑛𝑖𝑐𝑖𝑎𝑙 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙

𝑎𝑛𝑦 𝑣𝑎𝑙𝑢𝑒 𝑖𝑛 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 𝑖𝑠 𝑎𝑑𝑚𝑖𝑡𝑒𝑑

𝑐𝑒𝑛𝑡𝑟𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 𝑜𝑛 𝑎, 𝑏

𝑓 𝑖𝑠 𝑡ℎ𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑡𝑜 𝑐ℎ𝑒𝑐𝑘

𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑖𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 𝑎,𝑚

𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑖𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 𝑚, 𝑏
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All values in the interval aproximate the

solution less than the defined error

Its central value aproximate the solution less

than the half of the defined error

2 × 𝑒𝑟𝑟𝑜𝑟
With this change, the

central value will

aproach the solution

less than the defined

error𝑟𝑒𝑡𝑢𝑟𝑛
𝑎 + 𝑏

2
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Bolzano-Cauchy theorem (Intemediate value theorem) and Bisection method

TNSs/na apresentação/05 - bisection_2.tns
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from the public discussion draft

Illustrate from a concrete example
the geometric interpretation of
Newton-Raphson´s method.
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𝑦 − 𝑓 𝑥0 = 𝑓´ 𝑥0 × 𝑥 − 𝑥0

𝑥10

0−𝑓 𝑥0 = 𝑓´ 𝑥0 × 𝑥1 − 𝑥0

𝑥1 = 𝑥0 −
𝑓 𝑥0
𝑓´ 𝑥0

𝑥2 𝑥1𝑥1𝑥1

𝑥2 𝑥1

𝑥𝑛+1 = 𝑥𝑛 −
𝑓 𝑥𝑛
𝑓´ 𝑥𝑛
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from the public discussion draft

Propose the development of
programs in Python to implement
Newton-Raphson’s … method...
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from the public discussion draft

Propose the development of
programs in Python to implement
Newton-Raphson’s … method...

decision

TNSs/na apresentação/07 - NewtonR_2.tns
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𝑥2 − 2 = 0

TNSs/na apresentação/08 - comparision.tns
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Numerical Methods of Solving Equations to Develop Computational Thinking and Math Learning

Raul Aparício Gonçalves – Dec 20th, 2022COMPARING SOME NUMERICAL METHODS TO SOLVE EQUATIONS

𝑓(𝑥) = 𝑥2 − 2

𝑓′ 𝑥 = 2𝑥

𝑥 = 𝜑 𝑥

𝜑 𝑥 = 0.5 𝑥 +
2

𝑥

Newton-Raphson´s method iteration formula 𝑥1 = 𝑥0 −
𝑓 𝑥0
𝑓´ 𝑥0

𝑥1 = 𝑥0 −
𝑥0

2 − 2

2𝑥0

𝑥1 =
2𝑥0

2 −𝑥0
2 +2

2𝑥0

𝑥1 =
𝑥0

2 + 2

2𝑥0

𝑥1 =
1

2

𝑥0
2 + 2

𝑥0

𝑥1 =
1

2
𝑥0 +

2

𝑥0
Fixedpoint method iteration formula

BUT IT IS NOT TRUE THAT BOTH METHODS ARE THE SAME IN GENERAL



Hum…, teacher, you only have to tell me the formula used by the calculator to find the solution and it will be

easy for me. I will follow that formula.

João Sousa - 2002 (my student)
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“If someone asks them how to calculate all the roots of a given
algebraic equation, of arbitrary degree, with whatever
approximation one wants, they will have to admit that they do not
know. This is a good example of how traditional teaching has been
removed from reality.

José Sebastião e Silva - 60s of the 20th century (Mathematician, teacher and pedagogue – readins)

Rui Ralha – UMinho in 2014 (Mathematician and teacher - supervisor of my master’s dissertation)

Jaime Carvalho e Silva – since 2000 (Mathematician and teacher – One of the biggest influencer of mathematics

curricula in Portugal, unfortunately after “politicians” – influenced my master degree investigations).

http://repositorium.sdum.uminho.pt/handle/1822/34723
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